
What is a random medium ?

Problem: Wave propagation in a highly heterogeneous medium.

Stochastic modeling: the medium is a realization of a random medium (a set of

possible media described statistically).

- takes into account the available data (mean, standard deviation of the fluctuations,

...)

- completes the modeling by a statistical description (Gaussian process, ...).

Statistical distribution of the random medium =⇒ statistical distribution of the wave

(highly nonlinear problem).

Importance of scaled regimes and asymptotic theory.

Statistical stability (self-averaging property): certain quantities depend only on the

statistics of the random medium, not on the particular realization.
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Methodology

• Modeling:







- Identification of the phenomena and equations.

- Statistical description of the medium parameters.

- Determination of the scales.

• Asymptotics:







- Separation of scales.

- Limit theorems.

• Limit problem:







- Analysis of the physically relevant quantities.

- Use of stochastic calculus.
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Limit theorems

Law of Large Numbers.

Let (Xn)n≥0 be independent and identically distributed (i.i.d.) random variables. If

E[|X1|] <∞, then

X̄n =
1

n
(X1 +X2 + ...+Xn)

n→∞−→ m almost surely, with m = E[X1]

”The empirical mean converges to the statistical mean”.

Central Limit Theorem. Fluctuations theory.

Let (Xn)n≥0 be i.i.d. random variables. If E[X2
1 ] <∞, then

√
n
(
X̄n −m

)
=
√
n

(
1

n
(X1 +X2 + ...+Xn)−m

)
n→∞−→ N (0, σ2) in law

where







m = E[X1]

σ2 = E[X2
1 ]− E[X1]

2 = E[(X1 − E[X1])
2]

”For large n, the error X̄n −m obeys a Gaussian distribution N (0, σ2/n).”
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The acoustic wave equations

The acoustic pressure p(z, t) and velocity u(z, t) satisfy the continuity and momentum

equations

ρ
∂u

∂t
+

∂p

∂z
= 0

∂p

∂t
+ κ

∂u

∂z
= 0

where ρ(z) is the material density,

κ(z) is the bulk modulus of the medium.
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Propagation in homogeneous medium

Linear hyperbolic system with ρ, κ constant.

Impedance: ζ =
√
ρκ. Sound speed: c =

√
κ/ρ.

Right- and left-going modes:

A = ζ1/2u+ ζ−1/2p, B = ζ1/2u− ζ−1/2p

∂A

∂t
+ c

∂A

∂z
= 0,

∂B

∂t
− c

∂B

∂z
= 0

A: right-going wave B: left-going wave.
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Spatial profiles of the wave at different times for a pure right-going wave
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Propagation through an interface
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Medium z < 0: c = 1, ζ = 1. Medium z > 0: c = 2, ζ = 2.
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Propagation through a thick layer
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: c = 1, ζ = 1. Medium 0 < z < 10: c = 2, ζ = 2.
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A numerical experiment in random medium
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Random medium: stack of thin layers composed of two materials.
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The three scales

The acoustic pressure p(z, t) and velocity u(z, t) satisfy the continuity and momentum

equations

ρ
∂u

∂t
+

∂p

∂z
= 0

∂p

∂t
+ κ

∂u

∂z
= 0

where ρ(z) is the material density,

κ(z) is the bulk modulus of the medium.

Three scales:

lc: correlation radius of the random process ρ and κ.

λ: typical wavelength of the incoming pulse.

L: propagation distance.
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Effective medium theory L ∼ λ ≫ lc

-

0 L z

-

(p, u)inc(t) ρ(
z

ε
)
∂u

∂t
+

∂p

∂z
= 0

∂p

∂t
+ κ(

z

ε
)
∂u

∂z
= 0

Model: ρ = ρ(z/ε) and κ = κ(z/ε), where 0 < ε≪ 1 and ρ, κ are random functions.

Perform a Fourier transform with respect to t:

u(t, z) =
1

2π

∫

û(ω, z)e−iωtdω, p(t, z) =
1

2π

∫

p̂(ω, z)e−iωtdω

so that we get a system of ordinary differential equations:

dXε

dz
= F (

z

ε
,Xε),

where

X
ε =




p̂

û



 , F (z,X) = −iω




0 ρ(z)

1
κ(z)

0



X
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Method of averaging: Toy model

Let Xε(z) ∈ R be the solution of

dXε

dz
= F (

z

ε
)

with F (z) =
∑∞

i=1 Fi1[i−1,i)(z), Fi independent random variables E[Fi] = F̄ and

E[(Fi − F̄ )2] = σ2.

(z 7→ t, particle in a random velocity field)
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Xε(z) =

∫ z

0

F
(s

ε

)
ds = ε

∫ z
ε

0

F (s)ds = ε






[ zε ]∑

i=1

Fi




+ ε

∫ z
ε

[ zε ]
F (s)ds

= ε
[z

ε

]

ε→ 0 ↓
z

× 1
[
z
ε

]






[ zε ]∑

i=1

Fi






a.s. ↓ (LLN)

E[F1] = F̄

+ ε
(z

ε
−

[z

ε

])

F[ zε ]

a.s. ↓
0

Thus:

Xε(z)
ε→0−→ X̄(z),

dX̄

dz
= F̄ .
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Next goal: determine the limit limε→0 X
ε(z) where

dXε

dz
= F

(z

ε

)

for a fairly general random process (F (z))z≥0.
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Ergodic theory

Ergodic Theorem. If F satisfies the ergodic hypothesis, then

1

Z

∫ Z

0

F (z)dz
Z→∞−→ F̄ a.s., where F̄ = E[F (0)] = E[F (z)]

Ergodic hypothesis = “the orbit (F (z))z≥0 visits all of phase space”.

Ergodic theorem = ”the spatial average is equivalent to the statistical average”.

Counter-example for the ergodic hypothesis:

Let F1 and F2 be stationary, both satisfy the ergodic theorem, F̄j = E[Fj(z)], j = 1, 2,

with F̄1 6= F̄2.

Flip a coin (independently of Fj) → random variable χ = 0 or 1 with probability 1/2.

Let F (z) = χF1(z) + (1− χ)F2(z).

F is a stationary process with mean F̄ = 1
2
(F̄1 + F̄2).

1

Z

∫ Z

0

F (z)dz = χ

(
1

Z

∫ Z

0

F1(z)dz

)

+ (1− χ)

(
1

Z

∫ Z

0

F2(z)dz

)

Z→∞−→ χF̄1 + (1− χ)F̄2

which is a random limit different from F̄ .

The limit depends on χ because F has been trapped in a part of phase space.
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Mean square theory

Let F be a stationary process, E[F (0)2] <∞. Its autocorrelation function is:

R(z) = E
[
(F (z0)− F̄ )(F (z0 + z)− F̄ )

]

• R is independent of z0 by stationarity of F .

• |R(z)| ≤ R(0) by Cauchy-Schwarz:

|R(z)| ≤ E
[
(F (0)− F̄ )2

]1/2
E
[
(F (z)− F̄ )2

]1/2
= R(0)

• R is an even function R(−z) = R(z):

R(−z) = E
[
(F (z0 − z)− F̄ )(F (z0)− F̄ )

]

z0=z
= E

[
(F (0)− F̄ )(F (z)− F̄ )

]
= R(z)

Proposition. Assume
∫∞
0
|R(z)|dz <∞. Let S(Z) = 1

Z

∫ Z

0
F (z)dz. Then

E
[
(S(Z)− F̄ )2

] Z→∞−→ 0

Corollary. For any δ > 0

P
(
|S(Z)− F̄ | > δ

)
≤ E

[
(S(Z)− F̄ )2

]

δ2
Z→∞−→ 0
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We can show that

ZE
[
(S(Z)− F̄ )2

] Z→∞−→ 2

∫ ∞

0

R(z)dz

Proof:

E
[
(S(Z)− F̄ )2

]
= E

[
1

Z2

∫ Z

0

dz1

∫ Z

0

dz2(F (z1)− F̄ )(F (z2)− F̄ )

]

=
2

Z2

∫ Z

0

dz1

∫ z1

0

dz2R(z1 − z2)

=
2

Z2

∫ Z

0

dz

∫ Z−z

0

dhR(z)

=
2

Z

∫ Z

0

Z − z

Z
R(z)dz

Thus, denoting RZ(z) =
Z−z
Z

R(z)1[0,Z](z), and using Lebesgue’s theorem:

ZE
[
(S(Z)− F̄ )2

]
= 2

∫ ∞

0

RZ(z)dz
Z→∞−→ 2

∫ ∞

0

R(z)dz

G2S3 July 2011



Let F be a stationary zero-mean random process. Denote

Sk(Z) =
1√
Z

∫ Z

0

eikzF (z)dz

We can show similarly

E[|Sk(Z)|2] Z→∞−→ 2

∫ ∞

0

R(z) cos(kz)dz =

∫ ∞

−∞
R(z)eikzdz

Simplified form of Bochner’s theorem: If F is a stationary process, then the Fourier

transform of its autocorrelation function is nonnegative.
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Next goal: determine the limit limε→0 X
ε(z) where

dXε

dz
= F

(z

ε
,Xε(z)

)
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Method of averaging: Khasminskii theorem

dXε

dz
= F (

z

ε
,Xε), X

ε(0) = x0

Assume:

x 7→ F (z,x) is Lipschitz,

z 7→ F (z,x) is stationary and ergodic (or with integrable correlation function).

Define:

F̄ (x) = E[F (z,x)]

Let X̄ be the solution of
dX̄

dz
= F̄ (X̄), X̄(0) = x0

Theorem: for any Z > 0,

sup
z∈[0,Z]

E
[
|Xε(z)− X̄(z)|

] ε→0−→ 0

[1] R. Z. Khasminskii, Theory Probab. Appl. 11 (1966), 211-228.



Application to wave propagation in random media

Equations for the Fourier components of the wave:

dXε

dz
= F (

z

ε
,Xε),

where

X
ε =




p̂

û



 , F (z,X) = −iω




0 ρ(z)

1
κ(z)

0



X

Apply the method of averaging =⇒ Xε(ω, z) converges in L1(P) to X̄(ω, z) solution of

dX̄

dz
= −iω




0 ρ̄

1
κ̄

0



 X̄, ρ̄ = E[ρ], κ̄ =
(
E[κ−1]

)−1

→֒ deterministic “effective medium” with parameters ρ̄, κ̄.

G2S3 July 2011



Let (p̄, ū) be the solution of the homogeneous effective system

ρ̄
∂ū

∂t
+

∂p̄

∂z
= 0

∂p̄

∂t
+ κ̄

∂ū

∂z
= 0

The propagation speed of (p̄, ū) is c̄ =
√

κ̄/ρ̄.

Compare pε(t, z) with p̄(t, z):

E [|pε(t, z)− p̄(t, z)|] =
1

2π
E

[∣
∣
∣
∣

∫

e−iωt(p̂ε(ω, z)− ˆ̄p(ω, z))dω

∣
∣
∣
∣

]

≤ 1

2π

∫

E
[
|p̂ε(ω, z)− ˆ̄p(ω, z)|

]
dω

The dominated convergence theorem then gives the convergence in L1(P) of pε to p̄ in

the time domain.

→֒ the effective speed of the acoustic wave (pε, uε) as ε→ 0 is c̄.

This analysis is just a small piece of the homogenization theory.

cf book The theory of composites by G. Milton.
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Example: bubbles in water

ρa = 1.2 103 g/m3, κa = 1.4 108 g/s2/m, ca = 340 m/s.

ρw = 1.0 106 g/m3, κw = 2.0 1012 g/s2/m, cw = 1425 m/s.

If the typical pulse frequency is 10 Hz - 30 kHz, then the typical wavelength is 1 cm -

100 m. The bubble sizes are much smaller =⇒ the effective medium theory can be

applied.

ρ̄ = E[ρ] = φρa + (1− φ)ρw =







9.9 105 g/m3 if φ = 1%

9 105 g/m3 if φ = 10%

κ̄ =
(
E[κ−1]

)−1
=

(
φ

κa
+

1− φ

κw

)−1

=







1.4 1010 g/s2/m if φ = 1%

1.4 109 g/s2/m if φ = 10%

where φ = volume fraction of air.

Thus, c̄ = 120 m/s if φ = 1% and c̄ = 37 m/s if φ = 10 %.

→֒ the average sound speed c̄ can be much smaller than ess inf(c).

The converse is impossible:

E[c−1] = E

[

κ−1/2ρ1/2
]

≤ E[κ−1]1/2E[ρ]1/2 = c̄−1

Thus c̄ ≤ E[c−1]−1 ≤ ess sup(c).
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Propagation through a stack of random layers
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Sizes of the layers: i.i.d. with uniform distribution over [0.2, 0.6] (mean 0.4).

Medium parameters ρ ≡ 1, 1/κa = 0.2, 1/κb = 1.8.
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Propagation through a stack of random layers
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Sizes of the layers: i.i.d. with uniform distribution over [0.04, 0.12] (mean 0.08).
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Long distance propagation
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Toy model

dXε

dz
= F (

z

ε
)

with F (z) =
∑∞

i=1 Fi1[i−1,i)(z), Fi independent random variables E[Fi] = F̄ = 0 and

E[(Fi − F̄ )2] = σ2.
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For any z ∈ [0, Z], we have

Xε(z)
ε→0−→ X̄(z),

dX̄

dz
= F̄ = 0.

No macroscopic evolution is noticeable.

→ it is necessary to look at larger z to get an effective behavior

z 7→ z

ε
, X̃ε(z) = Xε(

z

ε
)

dX̃ε

dz
=

1

ε
F (

z

ε2
)
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Diffusion-approximation: Toy model

dXε

dz
=

1

ε
F (

z

ε2
)

with F (z) =
∑∞

i=1 Fi1[i−1,i)(z), Fi independent random variables E[Fi] = 0 and

E[F 2
i ] = σ2.

0 0.5 1.0 1.5 2.0 2.5
−10

0

10

z

F

0 0.5 1.0 1.5 2.0 2.5
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

z

X

ε = 0.05

G2S3 July 2011



Xε(z) =

∫ z

0

1

ε
F (

s

ε2
)ds = ε

∫ z

ε2

0

F (s)ds = ε






[

z

ε2

]

∑

i=1

Fi




+ ε

∫ z

ε2

[

z

ε2

]

F (s)ds

= ε

√
[ z

ε2

]

ε→ 0 ↓
√
z

× 1
√[

z
ε2

]






[

z

ε2

]

∑

i=1

Fi






law ↓ (CLT )

N (0, σ2)

+ ε
( z

ε2
−

[ z

ε2

])

F[

z

ε2

]

a.s. ↓
0

Thus: Xε(z) converges in distribution as ε→ 0 to X̄(z) whose distribution is

N (0, σ2z). Its pdf is

pz(x̄) =
1√

2πσ2z
exp

(

− x̄2

2σ2z

)

With some more work: The process (Xε(z))z≥0 converges in distribution to a

Brownian motion (σWz)z≥0.

(a Brownian motion is a Gaussian process with mean zero and covariance function

E[WzWz′ ] = min(z, z′)).

The pdf pz(x) of the limit process X̄(z) = σWz satisfies

∂pz
∂z

=
σ2

2

∂2pz
∂x̄2

, pz=0(x̄) = δ(x̄)
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Next goal: determine the limit limε→0 X
ε(z) where

dXε

dz
=

1

ε
F
( z

ε2

)

for a fairly general process (F (z))z≥0 with E[F (z)] = 0.

G2S3 July 2011



Write

Xε(z) =
1

ε

∫ z

0

F
( s

ε2

)

ds = ε

√
z

ε2
× 1

√
z
ε2

∫ z

ε2

0

F (s) ds

We know that

E

[ 1
√

z
ε2

∫ z

ε2

0

F (s) ds
]

= 0,

lim
ε→0

E

[( 1
√

z
ε2

∫ z

ε2

0

F (s) ds
)2]

= lim
Z→∞

ZE
[
S(Z)2

]
, S(Z) =

1

Z

∫ Z

0

F (s) ds

= 2

∫ ∞

0

E[F (0)F (u)]du,

The gaussian property of the limit of Xε(z) is ensured by an invariance principle.

Conclusion:
1

ε

∫ z

0

F
( s

ε2
)
ds

ε→0−→
√
2σWz

in distribution, where (Wz)z≥0 is a Brownian motion and

σ2 =

∫ ∞

0

E[F (0)F (u)]du
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Next goal: determine the limit limε→0 X
ε(z) where

dXε

dz
=

1

ε
F

( z

ε2
,Xε(z)

)

when

E[F (z,x)] = 0 ∀x
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Diffusion-approximation

dXε

dz
(z) =

1

ε
F

( z

ε2
,Xε(z)

)

, X
ε(0) = x0 ∈ R

d.

F stationary and ergodic (in z) centered: E[F (z,x)] = 0.

Theorem: The processes (Xε(z))z≥0 converge in distribution in C0([0,∞),Rd) to the

diffusion (Markov) process X with the generator L:

L =
d∑

i,j=1

aij(x)
∂2

∂xi∂xj
+

d∑

j=1

bj(x)
∂

∂xj

with

aij(x) =

∫ ∞

0

E [Fi(0,x)Fj(u,x)] du

bj(x) =

d∑

i=1

∫ ∞

0

E [Fi(0,x)∂xiFj(u,x)] du

It means that the pdf pz(x) of X(z) satisfies:

∂pz
∂z

=

d∑

i,j=1

∂2

∂xi∂xj

(
aij(x)pz

)
−

d∑

j=1

∂

∂xj

(
bj(x)pz

)
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Diffusion-approximation - the linear case

dXε

dz
(z) =

1

ε
F
( z

ε2

)

X
ε(z), X

ε(0) = x0 ∈ R
d.

F matrix-valued, stationary, ergodic, and centered: E[F(z)] = 0.

Theorem: The expectations (E[Xε(z)])z≥0 converge in C0([0,∞),Rd) to the solution

(X̄(z))z≥0 of the linear system:

dX̄

dz
(z) = F̄X̄(z), X̄(0) = x0 ∈ R

d.

with

F̄jl =
d∑

k=1

∫ ∞

0

E
[
Fkl(0)Fjk(u)

]
du
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Diffusion-approximation - a simple example

dXε

dz
=

i

ε
µ
( z

ε2
)
Xε, Xε(z = 0) = x0

Method 1. Apply the theorem to

d

dz




Xε

r

Xε
i



 =
1

ε
µ
( z

ε2
)




0 −1
1 0








Xε

r

Xε
i





The expectation converges to

d

dz




X̄r

X̄i



 = σ2




−1 0

0 −1








X̄r

X̄i





where

σ2 =

∫ ∞

0

E[µ(0)µ(u)]du

This shows that

E
[
Xε(z)

] ε→0−→ X̄(z)

where X̄(z) is the solution of

dX̄

dz
= −σ2X̄, X̄(z = 0) = x0
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Method 2. We have

Xε(z) = x0 exp
( i

ε

∫ z

0

µ
( s

ε2
)
ds

)

We have
1

ε

∫ z

0

µ
( s

ε2
)
ds

ε→0−→
√
2σWz

in distribution, where (Wz)z≥0 is a Brownian motion and

σ2 =

∫ ∞

0

E[µ(0)µ(u)]du

Therefore

Xε(z)
ε→0−→ X(z) := exp

(
i
√
2σWz

)

in distribution. Note

E
[
exp

(
i
√
2σWz

)]
=

1√
2πz

∫ ∞

−∞
ei

√
2σwe−

w2

2z dw = e−
σ2z
2

This shows that

E
[
Xε(z)

] ε→0−→ X̄(z) = x0e
−σ2z

where X̄(z) is the solution of

dX̄

dz
= −σ2X̄, X̄(z = 0) = x0
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We have shown that the expectation of the solution of

dXε

dz
=

i

ε
µ
( z

ε2
)
Xε, Xε(z = 0) = x0

converges as ε→ 0 to the solution of

dX̄

dz
= −σ2X̄, X̄(z = 0) = x0

→֒ random phases give rise to effective damping.
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Wave propagation in random media: the random paraxial regime

• Propagation along a privileged axis (i.e. laser beam, ...).

• Experiments: time-reversal experiments in ultrasound acoustics.

Experimental observations:

- robust spatial refocusing

- focal spot smaller in random medium than in homogeneous medium

• Analysis of the mechanisms responsible for statistically stable time reversal and

enhanced refocusing in random media.

Statistical analysis of ĜĜ in the paraxial regime.
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Time-reversal

experiment
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Physical derivation of the paraxial wave equation

Wave equation in homogeneous medium:

(∂2
z +∆⊥)u− 1

c20
∂2
t u = 0

Fourier transform

û(ω, z,x) =

∫

u(t, z,x)eiωtdt

→֒ Helmholtz equation in homogeneous medium:

(∂2
z +∆⊥)û+ k2û = 0

with initial/incoming and boundary/radiation conditions. Here k = ω/c0.

A particular solution: plane wave going into the z direction û = eikz .

Ansatz: slowly-varying envelope around a plane wave going into the z direction

û(ω, z,x) = eikzφ(ω, z,x)

→֒ ∂2
zφ+ 2ik∂zφ+∆⊥φ = 0

Forward-scattering approximation in direction z (↔ φ slowly varying in z):

6 ∂6 2z6 φ+ 2ik∂zφ+∆⊥φ = 0

with initial condition φ(ω, z = 0,x) = φ0(ω,x).
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Mathematical derivation: scaling assumptions

(∂2
z +∆⊥)û+ k2(1 + µ(z,x)

)
û = 0

1) the correlation length of the medium lK is smaller than the propagation distance L:

ε2 =
lK
L

2) the transverse width of the source R0 and the correlation length of the medium lK

are of the same order:
R0

L
∼ ε2

3) the wavelength λ0 is smaller than the propagation distance (high-frequency

regime):
λ0

L
∼ ε4

Motivation: In the absence of random fluctuations, if one wants diffraction effects of

order one for the propagation distance L:

2ik∂zφ
︸ ︷︷ ︸

+ ∆⊥φ
︸ ︷︷ ︸

= 0

∼ 1
λ0L

∼ 1
R2

0

then one must have Lλ0 ∼ R2
0 =⇒ Lλ0 ∼ L2ε4 =⇒ λ0/L ∼ ε4.
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Mathematical derivation: sketch of proof

(∂2
z +∆⊥)û+ k2(1 + µ(z,x)

)
û = 0

Initial condition: source at z = 0 with high carrier frequency (small wavelength ∼ ε4)

and lateral extent ∼ ε2.

Scaled regime:

ω → ω

ε4
, k → k

ε4
, µ(z,x)→ ε3µ(

z

ε2
,
x

ε2
)

û(ω, z,x) = e
i k

ε4
z
φ(

ω

ε4
, z,

x

ε2
)

∂2
zφ+

1

ε4

(

2ik∂zφ+∆⊥φ+
k2

ε
µ(

z

ε2
,
x

ε2
)φ

)

= 0

In the regime ε≪ 1, forward-scattering approximation in direction z:

2ik∂zφ+∆⊥φ+
k2

ε
µ(

z

ε2
,
x

ε2
)φ = 0
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Paraxial wave propagation

Propagation

zz 10

Emission

z

x

• Propagation direction z. Initial condition located in the plane z = z0.

• Inhomogeneous medium with local celerity c(z,x) =
c0

n(z,x)
.

• The field u(t, z,x), t ∈ R, (z,x) ∈ R
3, reads as:

u(t, z,x) =
1

2π

∫

e−iωtû(ω, z,x)dω

with û(ω, z,x) = eikzφ(ω, z,x), where k = ω/c0 and φ is solution of:

2ikφz +∆⊥φ+ k2(n2(z,x)− 1)φ = 0, φ(ω, z = z0,x) = φ0(ω,x)

∆⊥ =transverse Laplacian (w.r.t. x).

• From now on we set µ = n2 − 1.

µ is a stationary, zero-mean, ergodic process.
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Green’s function

• Fundamental solution Ĝ
(
ω, (z,x), (z0,x0)

)
:

2ik∂zĜ+∆⊥Ĝ+ k2µ(z,x)Ĝ = 0, (k = ω/c0)

starting from Ĝ
(
ω, (z = z0,x), (z0,x0)

)
= δ(x− x0).

• Solution φ of

2ik∂zφ+∆⊥φ+ k2µ(z,x)φ = 0,

starting from φ(ω, z = 0,x) = φ0(ω,x) at z = 0:

φ(ω, z,x) =

∫

Ĝ
(
ω, (z,x), (0,x0)

)
φ0(ω,x0)dx0

• In homogeneous media (µ ≡ 0) :

Ĝ
(
ω, (z,x), (z0,x0)

)
=

exp
(

ik|x−x0|2
2|z−z0|

)

2iπ |z−z0|
k

Ĝ can be computed from the (Fourier transform of the) Schrödinger equation or from

an expansion of the Green’s function of the Helmholtz equation.
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Transmitted wave - homogeneous case

• Solve by Fourier transform (in space):







2ik∂zφ+∆⊥φ = 0,

φ(ω, z = 0,x) = φ0(x),

φ(z = 0,x)
DFT−→ φ̌(z = 0,κ)

SL ↓ ↓∂zφ̌ = − i|κ|2
2k

φ̌

φ(z,x)
IFT←− φ̌(z,κ)

φ(ω, z,x) =
1

(2π)d−1

∫

φ̌0(ω,κ) exp i

(

κ · x− |κ|
2

2k
z

)

dκ,

φ̌0(ω,κ) =

∫

φ0(ω,x) exp(−iκ · x)dx

• Consider

2ik∂zφ+∆⊥φ = 0, φ(ω, z = z0,x) = exp
(

− |x|
2

r20

)

We get

φ(ω, z,x) =
1

√

1 + 2iz
kr2

0

exp
(

− |x|2
r20
(
1 + 2iz

kr2
0

)

)

→֒ Gaussian beam with radius R(z) =

√

1 +
4z2

k2r40
.
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Transmitted wave - random case

2ik∂zφ+∆⊥φ+
k2

ε
µ(

z

ε2
,
x

ε2
)φ = 0

In the regime ε≪ 1, the mean transmitted wave satisfies:







∂zE[φ] =
i

2k
∆⊥E[φ]− k2γ0

8
E[φ],

φ(z = 0,x) = φ0(x),

with

γ0 = 2

∫ ∞

0

E[µ(0,0)µ(z,0)]dz

We find:

E[φ(ω, z,x)] = φ(ω, z,x) |homo exp
(

− γ0ω
2

8c20
z
)

→֒ effective (frequency-dependent) damping.

What about fluctuations ?

we would like to study E[|φ(ω, z,x)|2]. But we need to look at E[φ(ω, z,x)φ(ω, z,y)]

to get a closed system.
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Time reversal setup

z

x Mirror

ReceptionEmission

0 L

1) Forward emission.

We emit at z = 0: u0(t,x) =
1

2π

∫

e−iωtû0(ω,x)dω.

We receive and record at z = L, y ∈ mirror:

uF (t, L,y) =
1

2π

∫

e
iω( L

c0
−t)

φF (ω,L,y)dω

where

φF (ω,L,y) =

∫

Ĝ
(
ω, (L,y), (0,x)

)
û0(ω,x)dx

We shift the time origin:

ũF (t, L,y) := uF

(

t− L

c0
, L,y

)

=
1

2π

∫

e−iωtφF (ω,L,y)dω
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2) Time reversal.

- The signal is recorded at the mirror (with limited spatial support).

- The recorded signal is time-reversed:

uB(t, L,y) = ũF (−t, L,y)× χM (y)

=
1

2π

∫

eiωtφF (ω,L,y)dω × χM (y)

where χM is the (spatial) truncation function of the mirror.

If the mirror is square with side length D, χM (y) = 1[−D/2,D/2]×[−D/2,D/2](y).

Taking the complex conjugate (uB is real-valued):

uB(t, L,y) =
1

2π

∫

e−iωtφB(ω,L,y)dω

with φB(ω,L,y) = φF (ω,L,y)χM (y)

=

∫

Ĝ
(
ω, (L,y), (0,x)

)
û0(ω,x)dxχM (y)

→֒ The signal uB(t, L,y) is emitted from the mirror.
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z

x Mirror

Reception Emission

0 L

3) Reception of the backward signal.

We emit at z = L: uB(t, L,x) =
1

2π

∫

e−iωtφB(ω,L,x)dω.

We receive at z = 0: uB(t, 0,x) =
1

2π

∫

e
iω( L

c0
−t)

φB(ω, 0,x)dω.

We shift the time origin: ũB(t, 0,x) := uB

(

t− L

c0
, 0,x

)

=
1

2π

∫

e−iωtφB(ω, 0,x)dω

where

φB(ω, 0,x) =

∫

Ĝ
(
ω, (0,x), (L,y)

)
φB(ω,L,y)dy

=

∫ ∫

Ĝ
(
ω, (0,x), (L,y)

)
Ĝ
(
ω, (L,y), (0,η)

)
û0(ω,η)χM (y)dηdy

Reciprocity relation: Ĝ
(
ω, (0,x), (L,y)

)
= Ĝ

(
ω, (L,y), (0,x)

)
.
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Finally, we receive the signal

ũB(t, 0,x) =
1

2π

∫

e−iωtφB(ω, 0,x)dω

with

φB(ω, 0, ξ) =

∫ ∫

Γ(ω,L,y,y, ξ,η)û0(ω,η)χM (y)dηdy

where

Γ(ω,L,x,y, ξ,η) := Ĝ
(
ω, (L,x), (0, ξ)

)
Ĝ
(
ω, (L,y), (0,η)

)

• In a homogeneous medium, Γ is explicitly known ⇒ the double integral can be

computed.

• In random media: the statistical distribution of Γ is important.
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Wigner of Γ

Γ(ω,L,x,y, ξ,η) := Ĝ
(
ω, (L,x), (0, ξ)

)
Ĝ
(
ω, (L,y), (0,η)

)
is solution of

2ik
∂Γ

∂L
+ (∆x −∆y)Γ + k2(µ(L,x)− µ(L,y))Γ = 0

starting from Γ(ω,L = 0,x,y, ξ,η) = δ(x− ξ)δ(y − η).

Change of variables: X = (x+ y)/2 and Y = x− y.

2ik
∂Γ

∂L
+ 2∇X · ∇Y Γ + k2

(

µ
(
L,X +

Y

2

)
− µ

(
L,X − Y

2

))

Γ = 0

We introduce:

W (ω,L,X,P , ξ,η) =

∫

e−iP ·Y Γ(ω,L,X +
Y

2
,X − Y

2
, ξ,η)dY

Γ is obtained by inverse transform:

Γ(ω,L,x,y, ξ,η) =
1

(2π)d−1

∫

W (ω,L,
x+ y

2
,P , ξ,η)eiP ·(x−y)dP

Γ(ω,L,y,y, ξ,η) =
1

(2π)d−1

∫

W (ω,L,y,P , ξ,η)dP
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W is solution of

k
∂W

∂L
+ P · ∇XW = LW

LW = − ik2

2(2π)d−1

∫

eiQ·X µ̂(L,Q)
[

W
(
L,X,P +

Q

2

)
−W

(
L,X,P − Q

2

)]

dQ

starting from

W (L = 0,X,P ) = e−iP ·(ξ−η)δ

(

X − ξ + η

2

)

where µ̂ is the Fourier transform of µ w.r.t. X:

µ̂(L,Q) =

∫

e−iQ·Xµ(L,X)dX
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Homogeneous medium µ ≡ 0

Solution: W (L,X,P ) = W
(
z = 0,X − L

k
P ,P

)
= e−iP ·(ξ−η)δ

(

X − LP

k
− ξ + η

2

)

.

Thus Γ(L,y,y, ξ,η) =
kd−1

(2πL)d−1
e−i k

L
(y− ξ+η

2
)·(ξ−η).

If u0(t,x) = f(t)δ0(x), then φB(ω, 0,x) =
ω2

(2πc0L)2
f̂(ω)e

i
ω|x|2

2Lc0 χ̂M

(
ωx

c0L

)

.

In case of a square mirror:

φB(ω, 0,x) =
(ωD)2

(2πc0L)2
f̂(ω)e

i
ω|x|2

2Lc0 sinc

(
πx1

rc(ω)

)

sinc

(
πx2

rc(ω)

)

where rc(ω) =
2πLc0
ωD

and sinc(s) = sin(s)/s.

In the time domain:

if u0(t,x) = cos(ω0t)v(t)δ0(x) with bandwidth(v)≪ ω0, then:

uB(t, 0,x) =
(ω0D)2

(2πc0L)2
cos(ω0t)v

(

−t− |x|
2

2Lc0

)

sinc

(
πx1

rc

)

sinc

(
πx2

rc

)

where rc =
2πLc0
ω0D

=
λ0L

D
.
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Time-reversal

experiment
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Scaling and limit theorem

Weakly perturbed medium µ→ εµ.

Re-scale L→ L/ε2 and x→ x/ε2

W ε is solution of

k
∂W ε

∂L
+ P · ∇XW ε = LεW ε

LεW ε = − ik2

2(2π)dε

∫

e
iQ· X

ε2 µ̂
( L

ε2
,Q

)
[

W ε(
X,P +

Q

2

)

−W ε(X,P − Q

2

)
]

dQ
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Result: E [W ε]→ W̄ (L,X,P ) solution of

k
∂W̄

∂L
+ P · ∇XW̄ = L̄W̄

L̄W̄ =
k3

4(2π)3

∫

R̂
( |P |2 − |Q|2

2k
,P −Q

) (
W̄ (Q)− W̄ (P )

)
dQ

where R̂(κ,Q) =

∫

R(z,X)e−iQ·X+iκzdXdz,

R(z,X) = E [µ(0,0)µ(z,X)].

Note: R̂ is nonnegative-valued and even.

The proof is “easy” because of the explicit mixing w.r.t. L.
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Standard results on radiative transport

i
∂φ

∂t
+

1

2
∆xφ− V (x)φ = 0, x ∈ R

d, t > 0

Usually d = 3. Start from φ(t = 0,x) = φ0(x) (smooth).

Wigner: W (x,p) =

∫

e−ip·yφ
(
x+

1

2
y
)
φ
(
x− 1

2
y
)
dy

Property: 1
(2π)d

∫
W (x,p)dp = |φ(x)|2

W is solution of:
∂W

∂t
+ p · ∇xW + LxW = 0

LxW = − i

(2π)d

∫

eiq·xV̂ (q)
(

W
(
x,p+

q

2

)
−W

(
x,p− q

2

))

dq
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Re-scale: V → εV , t→ t/ε2 and x→ x/ε2

iε2
∂φε

∂t
+

ε4

2
∆xφ

ε − εV (
x

ε2
)φε = 0, φε(t,x) = φ

( t

ε2
,
x

ε2
)

Wigner: W ε(x,p) =

∫

e−ip·yφε(
x+

ε2

2
y
)
φε

(
x− ε2

2
y
)
dy

W ε is solution of:
∂W ε

∂t
+ p · ∇xW

ε +
1

ε
L x

ε2
W ε = 0

Result: E [W ε]→ W̄ solution of

∂W̄

∂t
+ p · W̄ = L̄W̄

L̄W̄ =
4π

(2π)d

∫

R̂(q − p)δ(|q|2 − |p|2)
(
W̄ (x, q)− W̄ (x,p)

)
dq

where R̂(q) =

∫

E [V (x)V (x+ y)] e−iq·ydy

The proof is ”difficult” because V does not depend explicitly on t (while µ depended

explicitly on L).
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Back to W = Wigner of Γ

W ε is solution of

k
∂W ε

∂L
+ P · ∇XW ε = LεW ε

with

LεW ε = − ik2

2(2π)dε

∫

e
iQ· X

ε2 µ̂
( L

ε2
,Q

)
[

W ε(
X,P +

Q

2

)

−W ε(X,P − Q

2

)
]

dQ

Result: E [W ε]→ W̄ (L,X,P ) solution of

k
∂W̄

∂L
+ P · ∇XW̄ = L̄W̄

L̄W̄ =
k3

4(2π)3

∫

R̂
( |P |2 − |Q|2

2k
,P −Q

) (
W̄ (Q)− W̄ (P )

)
dQ

where R̂(κ,Q) =

∫

R(z,X)e−iQ·X+iκzdXdz,

R(z,X) = E [µ(0,0)µ(z,X)].
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Simplification of the effective transport equation

k
∂W̄

∂L
+ P · ∇XW̄ = L̄W̄

L̄W̄ =
k3

4(2π)3

∫

R̂
( |P |2 − |Q|2

2k
,P −Q

) (
W̄ (Q)− W̄ (P )

)
dQ

where R̂(κ,Q) =

∫

R(z,X)eiQ·X+iκzdXdz, R(z,X) = E [µ(0,0)µ(z,X)].

Approximation: R(z,X) = m(z/zc)r(X/lc) with lc ≫ zc. Then

R̂(κ,Q) = zcm̂(κzc)l
2
c r̂(Qlc) ≃ σ2l2c r̂(Qlc) where σ2 = zcm̂(0).

L̄W̄ =
k3

4(2π)3

∫

σ2l2c r̂(lc(P −Q))
(
W̄ (Q)− W̄ (P )

)
dQ

=
k3

4(2π)3
σ2

∫

r̂(Q′)
(
W̄ (P +Q

′/lc)− W̄ (P )
)
dQ′

=
k3

4(2π)3
σ2

∫

r̂(Q′)

(

∇W̄ (P ) ·Q′/lc +
1

2
Q

′ · ∇∇W̄ (P )Q′/l2c + ...

)

dQ′

The first term is zero (r̂ is even). The second term is:

L̄W̄ =
k3

16
γ2∆P W̄

with γ2 =
σ2

(2π)3l2c

∫

|Q′|2r̂(Q′)dQ′ = −
∫

∆XR(z,0)dz ≥ 0
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Resolution of the effective transport equation

∂W̄

∂L
= −P

k
· ∇XW̄ +

k2γ2
16

∆P W̄

starting from W̄ (L = 0,X,P ) = e−iP ·(ξ−η)δ
(
X − ξ+η

2

)

In order to solve this partial differential equation:

Method 1: Probabilistic interpretation














dP (L) =

√

k2γ2
√

8
dBL, P (0) = P

dX(L) = −

P (L)

k
dL, X(0) = X

and then W̄ (L,X,P ) = E

[

e−iP (L)·(ξ−η)δ

(

X(L)−
ξ + η

2

)]

Method 2: Fourier calculations: take a Fourier transform in P and X and solve.

Thus Γ̄(L,y,y, ξ,η) =
k2

(2πL)2
e−i k

L
(y− ξ+η

2
)·(ξ−η)

︸ ︷︷ ︸

e−
k2γ2L

48
|ξ−η|2 .

homogeneous case
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Transmitted wave

Initial conditions: u0(t,x) = φ0(x)f(t), û0(ω,x) = φ0(x)f̂(ω).

We have already seen that the mean transmitted wave is

E[φF (ω,L,x)] = φF (ω,L,x) |homo exp
(

− γ0ω
2

8c20
L
)

with

γ0 =

∫ ∞

−∞
R(z,0)dz

Consider now the mean transmitted intensity:

E[|φF (ω,L,x)|2] =

∫∫

E
[
Ĝ
(
ω, (L,x), (ξ, 0)

)
Ĝ
(
ω, (L,x), (0,η)

)]
φ0(ξ)φ0(η)dηdξ

=

∫∫

Γ̄(ω,L,x,x, ξ,η)φ0(ξ)φ0(η)dηdξ

=

∫∫

Γ(ω,L,x,x, ξ,η) |homo e
−ω2γ2L

48c2
0

|ξ−η|2
φ0(ξ)φ0(η)dηdξ

If the radius of φ0 is smaller than ra =
√
24c0

ω
√
γ2L

, then

E[|φF (ω,L,x)|2] =
∣
∣φF (ω,L,x) |homo

∣
∣2
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If φ0(x) = exp(−|x|2/r20), then

E[φF (ω,L,x)] =
1

(
1 + 4L2

k2r4
0

) d−1

4

exp
(

− |x|2
r20
(
1 + 4L2

k2r4
0

)

)

exp
(

− γ0ω
2

8c20
L
)

with γ0 =
∫∞
−∞ R(z,0)dz.

E[|φF (ω,L,x)|2] =
1

(
1 + 4L2

k2r4
0

(1 +
r2
0

r2a
)
) d−1

2

exp
(

− 2|x|2

r20
(
1 + 4L2

k2r4
0

(1 +
r2
0

r2a
)
)

)

with ra =
√

24c0
ω
√
γ2L

and γ2 = −
∫∞
−∞ ∆xR(z,0)dz.

Note that the radius of the transmitted intensity grows like L3/2.
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Refocused wave

With: u0(t,x) = δ(x)f(t), û0(ω,x) = δ(x)f̂(ω).

E [φB(ω, 0,x)] =

∫∫

Γ̄(ω,L,y,y,x,η)δ(η)χM (y)dηdy

=

∫

Γ(ω,L,y,y,x,0) |homo e
−ω2γ2L

48c2
0

|x|2
χM (y)dy

= φB(ω, 0,x) |homo e
−ω2γ2L

48c2
0

|x|2

Therefore

E [φB(ω, 0,x)] =
ω2

(2πc0L)2
f̂(ω)e

i
ω|x|2

2Lc0 sinc

(
x1

rc

)

sinc

(
x2

rc

)

︸ ︷︷ ︸

exp

(

−|x|
2

2r2a

)

homogeneous case

where rc =
2πLc0
ωD

and ra =

√
24c0

ω
√
γ2L

.
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In the time domain:

u0(t,x) = cos(ω0t)v(t)δ(x) with bandwidth(v)≪ ω0:

E [uB(t, 0,x)] = cos(ω0t)v

(

−t− |x|
2

2Lc0

)

sinc

(
x1

rc

)

sinc

(
x2

rc

)

exp

(

−|x|
2

2r2a

)

where rc =
2πLc0
ω0D

=
λ0L

D
and ra =

√
24c0

ω0

√
γ2L

=
λ0

√
6

π
√
γ2L

.

If rc < ra : Same result as in homogeneous medium

If rc > ra : E [uB ] spot thiner than in homogeneous medium !

The radius of the focal spot is

reff =
λ0L

Deff

with the effective aperture: D2
eff = D2 + π2

2
γ2L

3.
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But: the result holds true in average (averaging over all possible realizations of the

medium) !
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Frequency correlation of W

We have shown that (ε→ 0):

E [φB(ω, 0,x)] =

∫ ∫ ∫

W̄ (ω,L,y,P ,x,η)û0(ω,η)χM (y)dydηdP

where W̄ = limε→0 E [W ε].

The frequency autocorrelation function of W ε:

E [W ε(ω + εh/2, L, ...)W ε(ω − εh/2, L, ...)]
ε→0−→ γ(ω, h, L, ...)

with γ(ω, h, L, ...)
h→∞−→ 0.

Thus

E [W ε(ω1, L, ...)W
ε(ω2, L, ...)] ≃ W̄ (ω1, L, ...)W̄ (ω2, L, ...)

as soon as |ω1 − ω2| ≫ ε.

Similarly

E [φB(ω1, 0,x)φB(ω2, 0,x)] ≃ E [φB(ω1, 0,x)]E [φB(ω2, 0,x)]

as soon as |ω1 − ω2| ≫ ε.
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Self-averaging in time

In the time domain: E [uB(t,x)] =
1

2π

∫

e−iωt
E [φB(ω,x)] dω,

E
[
uB(t,x)

2] =
1

(2π)2
E

[(∫

e−iωtφB(ω,x)dω

)2
]

E
[
uB(t,x)

2] =
1

(2π)2

∫ ∫

e−i(ω1+ω2)t
E [φB(ω1,x)φB(ω2,x)] dω1dω2

ε→0≃ 1

(2π)2

∫ ∫

e−i(ω1+ω2)t
E [φB(ω1,x)]E [φB(ω2,x)] dω1dω2

= E [uB(t,x)]
2

Thus Var(uB(t,x)) := E

[(
uB(t,x)− E [uB(t,x)]

)2
]

ε→0−→ 0.

This implies that, for any δ > 0 :

P
(
|uB(t,x)− E [uB(t,x)] | > δ

)
≤ Var (uB(t,x))

δ2
ε→0−→ 0

The frequency decorrelation implies the self-averaging in time.
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Conclusion

• Spatial time-reversal refocusing enhanced by randomness:

- in the homogeneous case, the diameter of the focal spot λL/D is determined by the

aperture of the focusing cone (the waves propagate in a straightforward manner).

- in the random case, the focal spot is smaller because it is determined by an effective

focusing cone induced by multi-pathing.

• Statistical stability of the refocused focal spot ensured by the frequency

decorrelation of Γ or W .
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The split-step Fourier method

Efficient numerical scheme to solve the Schrödinger equation:

2ik∂zφ+∆⊥φ+ k2µ(z,x)φ = 0

with initial conditions φ(z = 0,x) = φ0(x).

Write:

∂zφ = Lφ+ Vφ
with

Lφ =
i

2k
∆⊥φ, Vφ =

ik

2
µφ
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• Remark 1: the equation

∂zφ = Lφ, φ(z = 0,x) = φ0(x)

can be solved analytically because it can be reduced to an ordinary differential

equation in the Fourier domain:

∂zφ̂(z,κ) = − i|κ|2
2k

φ̂(z,κ), φ̂(z = 0,κ) = φ̂0(κ)

→֒

φ(z,x) = eLzφ0(x) = IFT
(

e
−i|κ|2z

2k DFT (φ0)(κ)
)

(x)

=
1

(2π)d−1

∫

eiκ·xe
−i|κ|2z

2k

∫

e−iκ·x′

φ0(x
′)dx′dκ

• Remark 2: the equation

∂zφ = Vφ, φ(z = 0,x) = φ0(x)

can be solved analytically because it is an ordinary differential equation:

φ(z,x) = e
∫

z
0

V(z′)dz′φ0(x) = φ0(x) exp
( ik

2

∫ z

0

µ(z′,x)dz′
)
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We cannot solve

∂zφ = Lφ+ Vφ, φ(z = 0,x) = φ0(x)

analytically because L and V do not commute.

Numerical method for zn = nh and φn ≃ φ(zn,x):

φn+1 = eLhe
∫ zn+1
zn V(z)dzφn

In fact use the version:

φn+1 = eLh/2e
∫ zn+1
zn V(z)dzeLh/2φn

because

e(A+B)h = eAheBh +O(h2)

while

e(A+B)h = eAh/2eBheAh/2 +O(h3)

By concatenating:

φN = eLh/2e
∫ zN
zN−1

V(z)dz
eLhe

∫ zN−1
zN−2

V(z)dz
eLh · · · eLhe

∫

z1
z0

V(z)dz
eLh/2φ0
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